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In the scattering of positive pions by nuclei the double-charge-exchange (DCX) reaction creates the 
possibility of formation of pionic atom states in the vicinity of the threshold of this reaction. These 
quasi stationary states can manifest themselves as resonances in the elastic scattering cross section. 
The strength and shape of these resonances is strongly affected by an instability of the nucleus 
created in the DCX channel. It is shown that this mechanism can explain oscillation structures in 
the excitation function observed in scattering of low-energy positive pions from 12 C. 
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I. INTRODUCTION 

A systematic measurement of energy dependence of 
the elastic scattering of positive pions from 12 C pre- 
sented in Ref.[l) showed oscillations in the excitation 
function at energies around 35 McV. The differential 
cross sections were measured at six scattering angles 
(37°, 65°, 83°, 103°, 118°, 142°) in the energy range of 18- 
44 MeV with an increment in the incident energy of 2 
MeV. The differential cross sections were compared to 
the calculations made within the framework of the uni- 
tary scattering theory (UST) of the pion-nucleus scat- 
tering developed in Ref. [2] . Despite good description of 
the measured differential cross sections, the experimental 
data presented in terms of the excitation function (dif- 
ferential cross section at a given scattering angle as a 
function of energy) showed oscillation structures which 
the UST approach did not reproduce. These oscillations 
become more pronounced at angles around 90°. A typi- 
cal disagreement between theory and experiment for the 
excitation function at 83° is shown in Figure Q] by the 
dashed line. One of the possible explanations of these os- 
cillations could be the formation of a diproton resonance 
in the ttNN system. However, a systematic experimen- 
tal study [3j of the 7r + + d — > p + p reaction in the same 
energy range of 18 - 44 MeV with the increment of 1 - 
2 MeV did not show any oscillations in either the total 
and differential cross sections. 

In the present paper we explore the possibility of ex- 
plaining these oscillations by the formation of quasi sta- 
tionary pionic atom states in the vicinity of the threshold 



of the DCX reaction channel. The DCX 12 C(tt+, 
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reaction creates two opposite charged particles that can 
form pionic atom states below the threshold of this re- 
action. If a 7r~ forms a bound state with 12 O it cannot 
escape below the threshold due to lack of energy. It is 
known that such quasi-bound states can manifest them- 
selves as resonances in the elastic cross section. This type 
of sub-threshold resonances was first investigated and de- 
scribed by A. Baz' [H, Q. Another argument in favor of 
this mechanism comes from the fact that the mass ex- 
cess of 12 is 32.06 MeV @. This brings the Q-value of 



the DCX channel in tt + — 12 C scattering into the ~ 30 
MeV energy region. It is worthwhile to note that one of 
the first experimental observations of JfO was obtained 
in the DCX reaction 12 C(tt+ 
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The paper is organized as follows. In Section II we 
present a short overview the UST approach which is used 
for the description of pion-nucleus interaction. Section 
III is devoted to the theory of sub-threshold resonances 
due to formation of quasi-bound pionic atom states. In 
Section IV, a systematic comparison of theoretical cal- 
culations with the data is presented. In Section V we 
discuss the main results of the paper. 



II. THEORY 

In this section we briefly summarize the UST formal- 
ism Q that we use in the description of pion-nucleus scat- 
tering. For simplicity we consider the scattering of pions 
by the nuclei with zero spin. The pion-nucleus scattering 
amplitude is presented in a standard way as 



fir A — fc + fsc, 

where fc is the Coulomb amplitude, and / s 
nuclear-Coulomb amplitude 
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where a l are the coulomb phases and 8 R t - the Coulomb 
corrections caused by the effects of the Coulomb distor- 
tion of the pion wave. A detailed procedure for calcu- 
lating these corrections is given in Ref. @ • The hadronic 
part is presented by the S- matrix, 



S, = 



(3) 



where S^a,i are pure hadronic phase shifts which we cal- 
culate within the framework of the UST approach [2| . 

The UST approach is based on the method of evo- 
lution with respect to the coupling constant [8, 9]. The 
basic equations are formulated for calculation of the pion- 
nucleus phase shifts. 
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Here, S pot is the part of the pion- nucleus phase shift that 
is formed by the multiple scattering of a pion by the 
nuclear nucleons, and S abs is the absorption correction. 
The "potential" part is expressed in terms of the pion- 
nucleon phase shifts and the nuclear ground state char- 
acteristics such as nuclear form factor and correlation 
functions. The absorption part is expressed in terms of 
the absorption parameters Bq and Co, 



5$[{k) = A(A-l) 



1 



l + 2e/A 



p 2 (q)[B (k) + C (k)(K'-K)], 

(5) 

where, e = cj v (k)/2M, lo^ is the pion energy, M is the 
mass of a nucleon, p 2 (q) is the Fourier transform of the 
square of nuclear density p(r) normalized to unity, q — 
k' — k is the momentum transfer, and k and k' are the 
pion momenta in the it — 2N center-of-mass system. The 
absorption parameters determined from the pionic atom 
data are [2, 
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where rj — Za//3 is the Sommerfeld parameter: Z is the 
nuclear charge, a = 1/137, and /3 is the pion velocity in 
the pion-nucleus cm. Below the threshold (E < E t hr) 
this parameter is given by 



Za 



PttA 



2\E — E t hr 



(11) 



where p n A is the pion-nucleus reduced mass, parameters 
(5^2 and k\ 2 are the real and imaginary parts of energy 
independent complex parameters 6 and k in the vicin- 
ity of the threshold energy E t hr- These constants are 
expressed in terms of the logarithmic derivatives of pion- 
nucleus wave functions in the strong interaction region. 
The resonance energies are determined by the following 
condition: 6 res = nn + 5 , which gives the following equa- 
tion 



S (fc) = (-0.1 + iO.l) fm 4 , 
Co(fc) = (-2.8 + il.O) fm 6 



(6) 



In its standard form the UST formalism does not take in 
to account the possibility of formation of sub-threshold 
resonances in pion-nucleus interactions. 



III. DCX AND SUB-THRESHOLD 
RESONANCES 

The opening of the DCX reaction channel 



r + ,12 



+ L2 c^ (n-^oy 
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creates the possibility of formation of bound pionic atom 
states below the threshold of this reaction. As it was 
shown by Baz' HQ, the formation of such sub-threshold 
bound states is reflected by creating resonances in the 
elastic cross section. In Refs.0,Q, a general case of elas- 
tic scattering of two particles X(a, a)X below the thresh- 
old of the inelastic channel X(a, b)Y when particles b and 
Y can form bound states was considered. The main idea 
of theoretical description of the effect of sub-threshold 
resonances is based on the fact that one can neglect the 
energy dependence of the wave functions of (a, X) and 
(6, Y) systems arising from the strong interaction and fo- 
cus on the analysis of energy dependence of the Coulomb 
wave function of the bound (6, Y) system. 

The formation of the quasi-bound states due to open- 
ing of the DCX channel modifies the partial S-matrix ^ 
in the following way 
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where the resonance part is given by 

5r - arctan | 2 + ^-^ cot ^ , 

' 5i + Kl(-l)'C/COt7T77 



(8) 
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cotnX = (-l) 1 -^-. 

Qui 

The solution of this equation can be written as 
Z 2 e i ii v A 
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£„/ H arctan (-l)'-^-^n = 1,2,3,.... (13) 

717T Otl 

Here, represents the strong interaction shift of pure 
Coulomb pionic atom energy levels, 



c = Z 2 e 4 fi 7TA 
2n 2 ' 



(14) 



From Eq. (fT5|) it follows that for a given total pion-nucleus 
angular momentum (I) there is an infinite number of reso- 
nances with increasing density as E — > E t } lr . It is easy to 
see that the width of the resonance region is determined 
by the energy of the first Coulomb level. For reaction ([7} 
the energy of the first pionic atom level is given by 



E'r = 



^ N {Z + 2) 2 e 4 



(15) 
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In the vicinity of each resonance energy E 
S-matrix can be approximated by the Breit-Wigner for- 
mula as 



Si 



1- 



5^ E - El 

71=1 « 



(16) 



where r^, is the elastic width of each resonance. In ap- 
plications to real processes the upper limit should be re- 
placed by some finite number N which is determined by 
experimental energy resolution. 

A simple procedure of generalization this formalism 
to include an important case when one of the particles 
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created in the opening reaction channel is unstable was 
proposed in Ref. Q. In this case Eq. fTB"]) is replaced by 



Si 



(l 



N 



^ E 

n=l 



TPres 



<(T^ + r)/2^ 



(17) 



where T represents the particle's energy width. In the 
considered case this particle is the nucleus created in the 
DCX reaction. 

Formula (ITS)) can be simplified if the width of created 
nucleus is much bigger than the elastic widths of corre- 
sponding sub-threshold resonances. Indeed, if T » T e nl 
one can neglect quantities r^, in the denominators and 
present Eq. (|16p in the following form 



S, 



1- 



tT/2 
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where 



L tot ~ / j 1 r, 



(18) 



(19) 



and E\ es is some average value of the sub-threshold res- 
onance energy. This formula can be re-written as 



iT 



E 



i{T/2> 



(20) 



where 7 = r| ot /T. The derived formula presents a single- 
term Breit-Wigner approximation for the infinite series 
of the sub-threshold resonances contributing to the scat- 
tering process. It is important to note that V\ ot in an 
effective elastic width representing the contribution from 
all resonances at a given orbital momentum I. 



IV. CALCULATIONS 

In scattering of positive pions from 12 C the DCX re- 
action creates two opposite charged particles (n~ , 12 O) 
which can form the pionic atom below the threshold of 
this reaction. This reaction has a positive Q-value (32.06 
MeV). In addition, a positive pion needs to overcome the 
nucleus Coulomb barrier. Therefore, the threshold en- 
ergy of the DCX reaction channel will be determined by 
the sum of the reaction Q-value and the magnitude of 
the Coulomb repulsion barrier SVc, he. E t hr ~ Q + SVc, 
where SV C = Ze 2 /R,R = r ^ 1/3 ,r = 1.1/m. For 
(tt+, 12 C), SVc ~ 3.43 MeV. Therefore, the threshold 
energy E thr ps 35.45 MeV. The resonance energies are 
shifted down from the threshold energy by the amount 
of the corresponding binding energy in accordance with 
Eq. (fT3")) . The lowest resonance energy corresponds to the 
ls-state in the (7r~, 12 O atom. Using Eq.([T5|)one can ob- 
tain that Ei ks —0.23 MeV, and the following value for 
the resonance energy E\ e s s m 35.26 MeV. In the calcula- 
tions below this value will be used as the average sub- 
threshold resonance energy in Eq. (|2TJ)) as well. 



The 12 nucleus is unstable. The width of the g.s. of 
unbound 12 O is known with a large uncertainty: T — 
0.40 ±0.25 MeV The main decay mode is two-proton 
emission to the ground state of 10 C. The "elastic" strong 
interaction width of the ls-state of (7r _ , 12 0) is about 
10 -3 MeV (see, e.g. Since the elastic width is 

much smaller than the width 12 one can use the derived 
one-term Breit-Wigner approximation (|20[) . 

The spin and parity of 12 g.s. is + . Therefore, the 
sub-threshold s-resonances can be generated by the pion 
s-wave only. The s-wave S-matrix is given by 



So 



2iS, 



2iT e 



E r, 



(21) 



where E res = E thr + E? w 35.26MeV, and T = 0.4 MeV. 

The 2s-energy level in the (7r - , 12 O) atom is separated 
by 0.18 MeV, and the distance between the higher energy 
levels is rapidly decreasing as ~ 1/n 3 . Therefore, one can 
expect that only several low lying levels will make a no- 
ticeable contribution in T^ ot . In our calculations we will 
consider this quantity as a free parameter to be deter- 
mined from the data. 

In Figure [JJ we present calculations at 83° for differ- 
ent values of 7 — Tf ot /T. This parameter determines the 
magnitude of the effective elastic width T^ ot . In our cal- 
culations r = 0.4MeV. It is seen that the best description 
of the data is obtained with 7 w 0.1 which corresponds 
to T c ; ot w 0.04 MeV. 
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FIG. 1. The excitation function at 83°. Experimental data is 
taken from Ref. Ilj. The dash line presents the UST calcula- 
tions without taking into account the effect of sub-threshold 
resonances (7 = 0); the dot line corresponds to 7 = 0.01; 
dash-dot - 7 = 0.05 ; solid - 7 = 0.1; dash-dot-dot - 7 = 0.5; 
and short dash-dot - 7 = 1.0. 



The results of calculations of the excitation function 
with and without taking into account the sub-threshold 
resonance effect at all scattering angles measured in 
Ref.pJ are presented in Figure [U These calculations 
were performed with 7 = 0.1 (T| ot w 0.04 MeV) that 
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was found to provide the best description of the data at 
83°. 
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FIG. 2. Excitation functions at fixed scattering angles. Black 
squares are the data from [l[, the lines present the UST cal- 
culations without (7 = 0) and with (7 = 0.1) inclusion of the 
sub-threshold resonance effect from formation of (7r~, 12 0) 
atom. 

Figure [3] shows the effect of the S-wave sub-threshold 
resonance on the total cross sections. One can see that 
the reaction cross section can reach the magnitude of 
~ 300m6. 

At each resonance energy the partial cross section 
reaches its "kinematic" maximum <Ji, res — pr(2/ + !)• 
For example, for T n — 35 MeV for I = erodes = pr ~ 
500to6. It means that even at low energies the reaction 
cross section can be quite big, comparable to the cross 
pion-nucleus sections at the A33 resonance region. There 
is no direct systematic experimental data on total cross 
sections at the sub-threshold resonance region. The data 
from Ref. 11] covers the energy region from 45 to 65 
MeV and is in agreement with the UST calculations. 



V. CONCLUSION 

In this paper we presented an explanation for the en- 
ergy dependence in the excitation function in scattering 
of positive pions from 12 C at pion energies in the 30 - 35 
MeV region which were observed in Rcf.[l]. It is shown 
that these oscillations can be explained by formation of 
the quasi-stationary pionic atom states in the vicinity of 
the threshold of the DCX reaction channel. The thresh- 
old energy is determined by the reaction Q-value and 
the pion's kinetic energy required overcoming the nuclear 
Coulomb barrier. In the considered case the threshold 
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FIG. 3. Total cross sections: <r e i,o'tot, and oy = atot — (Tel- 
The lines present the results of the UST calculations without 
(7 = 0) and with (7 = 0.1) taking into account the sub- 
threshold resonance effect. The experimental data is taken 
from Ref. [El 



energy is about 35 MeV. 

The width of the resonance region is determined by 
the magnitude of the first Coulomb level of the pionic 
atom which is about 0.23 MeV for (tt - , 12 O) atom. The 
narrowness of this region may explain why other experi- 
mental groups (a detailed comparison of existing exper- 
imental data is given in Refjl[) did not see these oscil- 
lations. Fortunately, in Ref.|l| the data sets at different 
pion's energies included the pion's energy at 35.4 MeV. 

In presented analysis there is one free parameter - 
the elastic width of the sub-threshold resonances. The 
best description of the oscillations was obtained with 
Tf ot ks 0.04 MeV. It is important to note that this value 
refers to the integrated elastic width that accounts for the 
contribution of an infinite series of resonances at a given 
orbital momentum. In Section II it was shown that one 
can approximate the sum over all resonances by a single 
Breit-Wigner formula ([20)) if the particle's decay width 
is much bigger than the corresponding elastic widths. In 
the considered reaction this condition is satisfied since 
the 12 decay width is ~ 0.4 MeV. 

As the pion energy approaches the sub-threshold res- 
onance energies the reaction cross section varies signifi- 
cantly as it is shown on Figure ([3]). It means that, despite 
the fact that the DCX reaction cross section is quite small 
by itself at low energies, the sub-threshold resonance ef- 
fect amplifies the DCX role in pion-nucleus dynamics. In 
addition, if the decay width of the nucleus created due to 
the DCX is much bigger than the corresponding elastic 
width the final state of the quasi-bound system is de- 
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tcrmined by the nuclear decay. In other words, one can 
say that positive pions may become effective " burners" of 
the nuclei when their energy matches the energy of sub- 
threshold resonances caused by the formation of pionic 
atom states below the threshold of the DCX reaction. 
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